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We consider the minimal possible sizes of both maximal comparable and maximal in-
comparable subsets of Boolean algebras. Comparability is given upper and lower bounds
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Chapter 1

Introduction

This thesis is concerned with maximal comparable and incomparable subsets of Boolean
algebras, whose precise definitions are given in the corresponding chapters. Here maximal
means maximal with respect to set inclusion. The existence of maximal sets follows from
an application of Zorn’s lemma which is familiar to any student of algebra. However, one
could imagine, for example, a maximal comparable set being built up piecemeal: begin
with a singleton set, pass to an unordered pair set by adding an element comparable to the
member of the singleton, again pass to a larger set by adding an element comparable to both
members of the unordered pair, and so forth. This process may continue into the transfinite
with myriad choices to be made at each stage. By varying the sequence of choices one sees
that the collection of all maximal comparable sets is populated by diverse members. One
method for constructing a maximal set may terminate sooner than another and in this way
maximal sets can have different cardinalities.

For each fixed algebra, the collection of these cardinalities forms a set known as the
spectrum, with separate spectra for comparable sets and incomparable sets. As such, this
collection has a supremum and a minimum. The supremum has so far received more study,
see [7]. The present topic is the minimum. We restrict attention only to infinite comparable
and incomparable sets so that the minimum is always an infinite cardinal. These minima
are denoted Length, and Inc,,,. Here the subscript denotes min-max as in minimal size

of a maximal set.



Length,, . and Inc,,,, are cardinal valued operations defined on the class of all Boolean
algebras and are manifestly constant within isomorphism classes. For this reason, they are
known as cardinal invariants. The general study of such operations on the class of Boolean
algebras is taken in [7]. Of course, invariants are widely studied in other areas, such as
in topology where their role is often to distinguish non-homeomorphic spaces. They can
fruitfully play an analogous role in Boolean algebra as well but perhaps it is prudent to
mention another reason why they are of interest.

If a Boolean algebra is given abstractly by writing (A4, +,-,—,0,1), one can always
realize this algebra concretely as a subalgebra of a powerset algebra [5, Cor 2.9]. This
means there is some set X and an injection f : A — P(X) such that for all a,b € A,
Fla+b) = F(a) U F), Fla-b) = fa) N F(B), f(—a) = X \ f(a), F(0) = 0 and f(1) = X.
Conversely, any subset of P(X) closed under pairwise unions, pairwise intersections, relative
complements and containing () and X is a Boolean algebra (this list of requirements is not
meant to be minimal). Although there are many other possible interpretations and definitions
of the class of Boolean algebras, this shows that it is possible to conceive of the study of
Boolean algebras as the study of subsets of powersets which are closed under the common
set theoretic operations of finite union, finite intersection and relative complement.

Beginning with proof of the independence of the continuum hypothesis, it became clear
that much of the incompleteness of ZFC was accounted for by the powerset operation. The
powerset axiom, by asserting that the collection of all subsets of a given set is itself a set in
the same sense as the original set seems to provide an ambiguity. What is the cardinality of
such a powerset? What sizes are possible for maximal almost disjoint sets? What types of
gaps occur under the order C*? Questions about subsets of a powerset with this property
or that and their investigation often find the boundary of ZFC.

It is unsurprising then that Boolean algebras provide both an occasion and a framework
for studying such questions and this probably accounts for much of the interest in cardinal

invariants. Some invariants are truly invariant in that they are calculable in ZFC, some may



vary only insomuch as cardinal arithmetic is perturbed by additions to ZFC and others may
vary even as cardinal arithmetic remains fixed. In what follows, the invariants under exam-
ination are mostly calculated precisely in ZFC or reduced to cardinal arithmetic. However,
some calculations require hypothesis about other invariants (e.g. density and saturation),
some leave gaps between lower and upper bounds and one is calculated using the diamond
principle. All of these point to further lines of investigation as regards maximal comparable
and maximal incomparable sets.

The remainder of this section is a short survey of the most important new results to be
proved. In some cases, what is actually proved is more general than what is recorded here.

The more general formulation can of course be found in the relevant chapter.
Theorem 2.1.1. If A < &, cf(\) < Length,,,,,,(P(k)/[]<}).

Theorem 2.1.3. If A is atomless and satisfies the countable separation property then ¢ <

Length,, .. (A).

Theorem 2.2.16. Let u < cf(k) satisfy cf(k) < 2* < k. Then Length,,,.,(P(r)/[r]<F) < 2#.
Corollary 2.1.5. Length,,,.(P(w;)/ Fin(w;)) = ¢.

Theorem 3.1.8. For any infinite cardinal k, Inc,,,,(FinCof (k)) = Ry.

Theorem 3.1.10. There is an atomic Boolean algebra with no countably infinite maximal

mcomparable subset.

Corollary 3.2.9. If A is an infinite Boolean algebra with countable density, then Inc,,,,(A) =
Ng.

Corollary 3.2.11. Let S be an infinite tree of height at most w and A be any Boolean algebra
densely embedding TreeAlg(S). Then Inc,,,(A) <|S].

Corollary 3.3.9. Let k be a reqular uncountable cardinal. Assume .. Let A be a k-complete

Boolean algebra with density at most k. Then Inc,,,(A) < k.



Chapter 2

Comparability

Our work begins with a study of comparability.

Definition. Let A be a Boolean algebra. A subset L C A is called a chain if it is linearly
ordered by the order on A and L is called a maximal chain if L is mazimal with respect
to inclusion among all infinite chains contained in A. If L is a chain and X C L, define
sup, (X) and inf(X) to be the least upper bound and greatest lower bound of X, respectively,

if such things exist.
There is no necessity that sup; (X) = > X except if L is maximal.

Lemma 2.0.1. Let A be a Boolean algebra, L C A be a mazimal chain and X C L. If Y~ X
exists then > X € L and Y X = sup,(X).

Proof. Since Y X is the least upper bound of X in A and L inherits its order from A, if
Y>> X € L then sup, (X) = > X. So it is only necessary to prove » X € L.

Suppose > X ¢ L. A contradiction is reached by showing that every member of L
is comparable to Y X because then L U {> X} is a chain of which L is a proper subset
violating maximality. So take [ € L. Since X C L, [ is comparable to every member of X.
If | <z for some x € X then [ < > X. If there is no such x then [ > z for every x € X

which shows that Y X <. Thus, Y X € L. O

Definition. Let A be a Boolean algebra and L C A be a chain. A pair (Xo, X1) is called a
cut of L if L = XoU Xy and for all (xg, 1) € Xo X X1, o < 27.



Thus, if ¢ € B\ L is comparable to every member of L then
{lelL:l<ch,{leL:c<l})

is a cut of L.

Lemma 2.0.2. Let A be a Boolean algebra and L C A be a chain. Assume that for every
cut (Xo, X1) of L, > Xo and [[ X1 both ezist, are equal and are in L. Then L is mazximal.

Proof. Assume L has the prescribed property and yet is not maximal. Then L C L’ for some
chain L/ C A. Takece L'\ Landset Xo={l€ L : Il <c}and Xy ={l € L : ¢ <l}. Then
¢ is comparable to every member of L which ensures (Xj, X;) is a cut of L. By assumption,
> Xo and J[ X exist, are equal and are in L. By definition ¢ is an upper bound for X
so Y. Xo < ¢ But > Xo € Landc ¢ L so > Xy < c. Similarly, ¢ < [[X;. Then
> Xo < ¢ <[] X1 which violates the fact that Y Xo =[] X;. O

Lemma 2.0.3. Let A be a Boolean algebra, L C A be a chain and 'Y C X C L. Assume
Y, sup,(X) and sup, (Y) all exist and are equal. Then Y X exists and equals Y Y. The
same statement holds with every occurrence of »_ replaced by [ and every occurrence of sup

replaced by inf, respectively.

Proof. Since > Y = sup,(X), > Y is an upper bound for X in A. Let z € A be an upper
bound for X. Then z is an upper bound for Y because Y C X. Thus, > Y < z. This true

of any z € A shows > Y is the least upper bound for X in A. O
We will mainly be interested in the algebra P(k)/[k]<", defined as follows.

Definition. [k]<* is the set {X C k : |X| < A} and [k]* is the set {X C r : |X| = \}.
Clearly, [k]<* forms an ideal in P (k).

Definition. For any sets X,Y and cardinal k, define X C,, Y to mean that | X \ Y| < K

and X =, Y to mean that X C,Y andY C, X.



6

For X, Y € P(kr), X C, Y is equivalent to X/[x]<* < Y/[k]<" and X =, Y is equivalent
to X/[k]<" =Y/[k]<".

Definition. For cardinals  and X, recall that k<* = sup,,, K”.

Definition. For any Boolean algebra, define Length, .(A) = {|I| : I C A is maximal comparable},

Length(A) = sup(Length,,..(A)) and Length,, (A) = min(Length,, .(A)).

spec( spec(

Theorem 2.0.4 (Scherer). If u < cf(k) then Length,,,.(P(r)/[c]|<") < k<".

Proof. Let Ly = {p-a/[k]** : a € k} U{k/[k]**}. By Zorn’s Lemma, let L O Ly be a
maximal chain. Take m/[k]<* € L\ Lo. Since k/[k|~" € Lo, |k \ m| > p. The fact that
p < cf(k) implies the first p elements of x \ m form a bounded set in k. Thus, there is some

a € Kk such that
p< |- )N (r\m)| = |(u-a)\m|.
Thus, (p-«)/[k]<* £ m/[k]<* and since L is a chain it must be that m/[k]<* < (u-a)/[k]<*.
So |m\ (u-«a)| < p. Thus,
m| <[(p- ) m| +[m\ (- Q)] < p+p-laf <&
So L is represented by elements from [k]<" U {k}. O
Corollary 2.0.5 (Scherer). Length,,,,(P(w;)/ Fin(w)) < c.

Proof. Let k = wy and p = w. Then K<F = wy = ¢. O

Lemma 2.0.6. Suppose A < k. If X C P(k)/[k]<* and | X| < cf(\) then > X exists and
is represented modulo [k]<* by | Xo where Xy C P(k) is any set of coset representatives of

the elements of X. Similarly, inf X exists and is represented by () Xo.

Proof. Write v = |X|, Xo ={zs : a<v}and U =J,_, zo. If |U\ y| > A then since

a<v

U\y= Ul'a\y

a<v
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and v < cf(k), it must be that |z, \ y| > A for some o < v. Thus, if U/[x]"* £ y/[x]<*
then z,/[k]<* £ y/[r]<* for some a. The contrapositive of this statement is precisely that
U/[k]<* is the least upper bound for X in P(k)/[k]<}.

The case for inf(X) is nearly identical using the equation

y\ﬂxa: Uy\ma

a<v a<v

2.1 A Lower Bound

Theorem 2.1.1 (Scherer). If A < k, cf()\) < Length,,,,(P(k)/[]<).

Proof. Let L C P(k)/[k]=* be a chain and assume |L| < cf(\). The goal is to show that L
is not maximal. Towards a contradiction assume that it is. Let Ly C P(k) be a full system

of representatives for L. That is, |Lo N | = 1 for every [ € L. Put
E=J{t\m :l,me Lyand 1 S\ m}

Since |Lg| < cf(A\) and |l \ m| < A for all [,m € Ly such that [ Cy m, |E| < A\. For any
a€r\E define X, ={l€Ly:a¢gl},Yy={l€ly: acl}and C, = {l/[k]** : €
Xob AU 1 1eYal)

For every a € K\ E, C,, is a cut. Indeed, it is clear that every [ € Ly must lie in X,
orY,. Ifle X,, meY,and m Cy [, then m\ ! C E but &« € m\ [ while « ¢ E. Thus,
[ €\ m whenever [ € X, and m € Y, which proves C, is a cut.

Since | Xo| + [Ya] < cf(N), 3ocx. I/[]°* and [],y. 1/[5]=* both exist, they each must
lie in L and are represented by |J X, and (Y, respectively. By dint of the fact that L is

maximal, >,y 1/[k]"* = [],ey. I/[£]**. In particular,

NrvaUx.

< \.
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As |L| < cf(A) < A < &, there must be some S € [k \ E]® and s € Lj such that
> iex, U/IK]S" = s/[k]<F for all @ € S. For every a € S either s € X, or s € Y, so take
T € [S]* such that either s € X, foralla € Tor s €Y, forall a« € T

Case 1: s € X, for all @« € T. Then for every « € T, X, = {l € Ly : | C, s} and
Yo={l€Ly:sC,l}. SoX,=Xgand Y, =Yz forall a,f € T. Thus, TNl =0 for all
le Xpoand T Clforalll €Y,. Verily,if a € T', 1 € X, and 8 € TN then by X, = Xp,
[ € X3 which contradicts § € [ so it must be that TN {1 = (. Similarly, if « € T, [ € Y,
and 5 € T'\ [ then by Y, = Y3, | € Y3 which contradicts § ¢ [ and it must needs be that

T\ I = 0. But then the following absurdity arises:

TC()Ya\lJXo

Case 2: s €Y, for all &« € T. A similar argument shows X, = {l € Ly : | C, =} and

Yo, ={l € Ly : s C, [} resulting in the same absurdity. O

Definition. A linear order L is densely ordered if for every a,b € L there is some ¢ € L

such that a < ¢ < b.

Definition. Let A be a Boolean algebra and a € A. Define the relative subalgebra of A

with respect to a to be Ala={be A :b<a}.

Definition. Let A be a Boolean algebra and S C A. Say that D C S is dense in S if for
all a € S\ {0}, D intersects (A | a) \ {0} non-trivially. If S is not specified then D being

dense means D is dense in A.

Define d(A) = min{|D| : D C A is dense} and for a € A, da(a) =d(A | a).

Definition. Let A be a Boolean algebra. A non-zero a € A is called an atom if A | a =
{0,a}. At(A) is the collection of all atoms in A. A is called atomic if At(A) is dense. A
is called atomless if At(A) = ).

Lemma 2.1.2. If A is an atomless Boolean algebra and L C A is a mazximal chain then L

1s densely ordered.
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Proof. 1f L is not densely ordered then there are a,b € L with a < b and no ¢ € L such that
a < ¢ < b. Since A is atomless, there is some d € A with 0 <d <b-—a. Thena<a+d<b

so LU {a+ d} is a strictly larger chain than L, contradiction. ]

Definition. A Boolean algebra A has the countable separation property if for any two
at most countable subsets X and Y of A satisfying x -y = 0 for all (x,y) € X XY there is

some a € A such that x < a forallz € X andy < —a forally €Y.

By [5, Lm 5.27], A has the countable separation property if and only if: for all {x,, :
n € w} and {y, : n € w} from A, such that z, < x,.1 < yp11 < y, for all n € w, there is
some a € A such that z, < a <y, for all n € w. Note that it need not be the case that
> x, =aor [[y, = a. The countable separation property is weaker than o-completeness.

A special case of the following, which never-the-less captures the idea of the full proof,

was first provided by Joel Hamkins [2].

Theorem 2.1.3 (Scherer). If A is atomless and salisfies the countable separation property

then ¢ < Length,,.(A).

Proof. Let L C A be a maximal chain. Since A is atomless, L is densely ordered. Consider
the complete binary tree <“2. Define a map F': <¥2 — {[a,b] : a,b € L} level by level. Let
F(0) = [04,14] to complete the definition of F' on Levy(<“2). Suppose F has been defined
on Lev,(<¥2) = "2 and that for all f € "2, F(f) = [a,b] where a < b. Given f € "2,
pick ¢,d € L such that a < ¢ < d < b where F(f) = [a,b]. This is possible because L is
densely ordered. Let F(fU{(n,0)}) = [a,c] and F(fU{(n,1)}) = [d,b]. This completes the
definition of F.

Now take f € “2. Let FI(f [ n) = [a%f), b,(lf)] for all n € w. Since A has the countable

separation property and a%f ) < afﬁl < bfﬁl < b%f ) for all n € w, there is some z(f) €

ﬂnEw [ang), bglf)] .

If g €“2and f # g, take n minimal such that f(n) # g(n). Without loss of generality
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suppose f(n) = 0. Then by construction,

aff) <alf)y <ah <ol <), <2l <B), < b9,
Consequently, ) < 29, Conclusion: |{x(f) : fe w2}| = O

Corollary 2.1.4 (Scherer). If A < k, ¢ < Length, (P(k)/[k]"}).

Proof. Tt is well known that P(x/[x]<*) is atomless and has the countable separation prop-
erty. A proof of the latter is included for completeness.

Suppose {a, : n € w} and {b, : n € w} are sequences from P(x)/[k]<* such that
an Sy apa1 Sy bpe1 Sy by, for all n € w. Let

c=J (anﬂﬂbk>

new ken

Then for all n € w,

an\cgan\<anﬂﬂbk> :an\ﬂbk:Uan\bk

ken ken ken

which is smaller than A hypothesis. Also, for any n € w,

¢\ by, = (Uakmﬂbj) \bn C [ a\ bn

k<n Jj€Ek k<n

which is once more smaller than A by hypothesis. O]
Together with Corollary 2.0.5 this gives:

Corollary 2.1.5 (Scherer). Length,,,.(P(w;)/ Fin(w;)) = ¢.

2.2 An Upper Bound

Definition. If a is an ordinal and L is any linearly ordered set, the lexicographical order

on *L is given by declaring v < y if ©(8) < y(B) where 5 = min{n € o : z(n) # y(n)}.
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The lexicographical order is a linear order and much of the coming material about
linear orders is probably familiar. See [1, Section 4.2].
Fix a cardinal p and consider the set #2 under the lexicographical order. Fix z,y € #2,

define x ~ y and y ~ x if either x = y or if there is some o < p such that:
() zla=y]aq,
(2) z(a) =0,
(3) z(B) =1for B> a,
(4) y(o) =1 and
(5) y(B) =0for § > a.
Also define [z]. ={y € *2 : = ~ y}.

Lemma 2.2.1. Let x,y,z € 2. Ifx <y < zthenz | B =y | B =2 | B where
B =min{n € a : z(n) # z(n)}.
Proof. By definition, z [ = z | . Let v = min{n € a : x(n) # y(n)}. If v < B then by

x <y, z(v) <y(y) but z | 5=z | 8 which implies that z < y. This contradicts y < z [J

Lemma 2.2.2. [f z ~ y then there is no z € *2 such that x < z < y.

Proof. Take « = min{ € pu : z(8) # y(B)}. Thenz [ B =2 =y | B and z(«a) €

{z(a),y(a)}. But z(8) =1 for all § > o which makes z(a) = z(«) inconsistent with z < z.

Similarly, z(«) = y(«) is inconsistent with z < y. O
Lemma 2.2.3. If x ~y and y ~ z then |{x,y, z}| < 3.

Proof. Suppose x ~ y and y ~ z yet no two of z, y, z are equal. By symmetry, after renaming
elements we may either suppose that © < y < z or x < 2z < y. The latter case is already

known to be impossible. So suppose x < y < z. Take a, = min{ € p : z(f) # y(5)} and
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a, =min{f € p : 2(8) # y(B)}. Then x ~ y together with z < y implies y(n) = 0 for
all n > a,. Similarly, y ~ z together with y < z implies y(n) = 1 for all n > «,. This is
absurd. O

Corollary 2.2.4. The relation ~ is an equivalence relation whose equivalence classes have
at most two elements and are conver. Consequently, 2/ ~ (defined to be {[x]. : x € #2) is

linearly ordered by declaring [x]~ < [y~ if x » y and x < y.

Proof. First note that if ~ is an equivalence relation, the preceding lemma shows that its
equivalence classes have at most two elements and are convex. The relation is reflexive and
symmetric by definition. Suppose x ~ y and y ~ z. The previous lemma says that at least
two of z,y, z must be equal. If x = 2z then = ~ z by definition. Otherwise, y must be one of
x or z and x ~ z is a restatement of either x ~ y or y ~ z depending on whether y = z or
Yy =x.

To see that #2/ ~ is linearly ordered take x,y € #2 such that x = y and = < y. If
w € [x]~, 2z € [y]~ and z < w then by the fact that [y]. is convex, w € [y]. and therefore
[z]. = [y]~ defying the fact that x ~ y. This shows that the order on #2/ ~ is well defined

and it must be a simple order because the order on #2 is. O

Let R =#2/ ~ and define 0g = [#x {0}]~ and 15 = [ x{1}]~. Since px {0} = inf(#2)
and p x {1} = sup(#2), O = inf(R) and 15 = sup(R).

Lemma 2.2.5. The map I : "2 — "2 given by x — {{o,1 — z(«a)) : o € p} is an order
reversing bijection and constant on ~-equivalence classes. Therefore R is isomorphic to the

reverse order on R.

Proof. To see that [ is a bijection one only needs to note that I o I is the identity map. Let
z,y € "2 and x < y and f = min{a € p : z(a) # y(f)} and note that f = min{a € p :
(I(x))(a) # (I(y))(a)}. Since x(8) = 0 and y(8) = 1, (I(x))(8) = 1 and (I(y))(8) = 0 so
I(y) < I(x).
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Now suppose z ~ y. Then it has just been noted condition (1) hold for I(z) and I(y).
I transposes conditions (2) and (4) and conditions (3) and (5) hence these hold for /(y) and

I(x), respectively. O

By this Lemma, it is only necessary to prove suprema of the prescribed type and an

analogous result will follow for infima.
Lemma 2.2.6. For every X C R, sup X and inf X exist.

Proof. Without loss of generality, assume that X has no maximum. Define a sequence

{aa o < p} recursively. Suppose that {ag : § < a} is given. Set b, = U,_,, ap and
io =sup{z(a) : [z]. € X and = [ a = by}

Define ao = by U{(a, iq)}. This completes the definition of {a, : o < pu}. Put a =, ta-
Note that since a, is a function with domain o+ 1 and range L, a is a function with domain
w1 and range L. The lemma is proved by showing sup X = [a]~.

To see that [a]. is an upper bound, take [z]. € X and suppose z # a. Let o =
min{f € p : z(f) # a(f)}. Then a [ @ = b, = = | a. Therefore z(a) < i, = a(a). But
since z(«) # a(«) this shows z(a) < a(a) so x < a. Thus, for any [z]. € X, [z]. < [a]~.

Now suppose that r € L and r < a. Then there is an o € g such that r [a =a | «
and r(a) < a(a). But then by the definition of a,, there is some [z]. € X such that
x| a=b, and r(a) < x(a). Since by, = a [ o, r [ @ = x | o and therefore r < z. Thus
[r]~ < [z]~. Since X has no max there is some [y]. € X such that [z]. < [y].. But then

[7]~ < [y]~ which shows that the former is not an upper bound for X. This establishes that

[a]~ is a least upper bound. O

Lemma 2.2.7. For every x € "2 and © € 2 there is some w; € *2 such that x ~ w; and

w; '[{i}] has no mazimum.

Proof. 1f z7'[{i}] has no maximum let w; = x. Otherwise, take o = sup(z~'[{i}]) and put

wi =z [ aU{{a,1 =i} U (p\ (a+1) x{i}). O
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Lemma 2.2.8. R is densely ordered.

Proof. Suppose z,y € #2 and [z]. < [y]~. Without loss of generality, neither of z7![{0}] or
y~'[{1}] has a maximum. Take a = min{S € p : x(8) # y(B)}. Then x(a) =0 and y(«a) =
1. Since a # sup(x~1[{0}]), take 8 > « such that z(3) = 0. Define z = = | BU((u\B) x {1}).

Then immediately © < z < y. O]
Lemma 2.2.9. R has no strictly increasing sequence of length u™.

Proof. If R had such a sequence then #2 would have one as well and this is known to
be impossible. Indeed, take {x, : o < put} C #2 strictly increasing, v minimal such that
Hoo l7:a<p™}=pTandl ={a < put : xy [y # xs | 7 for all B < a}. Then for every
a € pu' there is exactly one § € I' such that z, [y =25 [ yso || =pt and z, [ v # x5 [ 7
for all o, f € I'. Define I'(a) = min(I" \ (o + 1)) and 1o = min{5 € v : 2,(8) # zr)(6)}
There must be some £ € v such that [{a €T : n, =&} = pt.

Consider o, € I' with n, =g = and a < 8. lf z, [ (€+1) = x5 | (£ + 1) then
g < Zr(a). However, it must be that I'(a) < 3. Therefore z, [ (§+1) # xp [ (£+1).
Finally, define A; = {a € T : 1, = £ and 2,(¢) = i}. For some i € 2, |A;] = uT and

consequently z,, [ £ # xg | £ for all o, B € A; contradicting the minimality of . n

Lemma 2.2.10. For every r € R there are sets Yy C [Og,7) and Y1 C (r,1g| each with

cardinality at most p such that sup(Yy) = inf(Y7) = r.

Proof. Suppose that for every Y, € [[Og, )], sup(Yy) < r. Construct a strictly increasing
sequence {r, : a < put} C [Og,r) as follows: given an initial segment {z, : o < g} C
[Og,7), choose x4 such that sup,.; 2, < zo < r. This is always possible by density. But

then {z, : a < p*} contradicts the previous lemma. O

Lemma 2.2.11. Suppose 0 is a cardinal satisfying 0 < 2. Then there is {I, : a < 8} C "2

such that for any distinct o, B < 0 and § < pu there is § such that 1,(0 + &) # 1(€).
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Proof. Case 1: there is some v < p such that § < 2. Take J € ["2]? and let {J, : a < 0}
be a one-one enumeration of J. For a < 6, n < pand 7 < v define I,(v-n+ ) = Jo(m).
Since every ordinal can uniquely be written in the form v - n + 7 with 7 < v, this is a valid
definition for a sequence {I, : a < 8}. Now suppose that a, 8 < 6 are distinct and § <
is given. Write § = v - n + 7w and take ¢ such that J,({) # Js((). Let & = v + (. Then
54+ €=+ (n+1) +C 50 that [o(3+€) = Ju(€) # Ja(C) = I5(¢).

Case 2: there is no v < p such that 6§ < 2. Define {1, : o < 6} recursively. Assume

{I, : a < B} is given for some 3 < 6. For 6 < p define
Aas = {J €72 0 J(6+€) = L,(€) for all € < i}

and

Bos={J€"2: J(&) =1,(0+¢) for all £ < pu}.

Then |Aqs| < [°2| < 6 and |Bas| =1, so

U U Aa,(S U Ba,5

a<foé<u

<0+ p <2t

So there is some I3 € #2 that is not in A, ;U B, s for any o < 8 or § < p. This completes the
definition of {/, : a < 6} and the construction guarantees that it satisfies the conclusion
of the lemma. Indeed, take distinct o, f < 6 and 6 < p. If a < f3, then Is ¢ B, s implies
I,(0 + &) # I5(§) for some €. If B < a then I, ¢ Ags implies I,(d + &) # I5(§) for some &.
In either case there some ¢ < p such that I,(0 + &) # I5(€). O

Lemma 2.2.12. Suppose i and 6 are any cardinals satisfying 0 < 2*. Then there is a map

L :#2 — 0 such that for any x,y € *2 if [x]. < [y]~ then sup{L(z) : z <z <y} =40.

Proof. Case 1: 6 < 2". Take {I, : a < 6} as in the previous lemma. Define

@) a if there are a < 6 and 1 < p such that I,(§) = x(n+ &) for all £ < u
L(z) =

1 otherwise.
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To see that this is well defined, assume that there are distinct o, 8 < 6 and 7,y < p such
that 1,(§) = z(n+¢) and 15(&) = x(y +¢) for all £ < . Without loss of generality, suppose
that n <y and with y =n+6. Then [,(6 +&) = z(n+ 0+ &) = I5(§) for all £ < p and this
contradicts the construction of {I, : o < 6}. Thus, L is well defined.

Now assume that z,y € #2 and [z]. < [y]~. Put @ = min{f8 € u : z(B8) # y(B)}.
Then z(a) = 0 and y(a) = 1. Since x ~ y, there is some § > «a such that z(5) = 0 or

y(B) = 1.
Consider the possibility () = 0. Take £ < 6. Define

x(y) ify<p

zw(7) =19 1 ify=2

\Q@)ﬁ7:6+n

By construction, x < z < y and L(z) = &. Thus, £ < sup{L(z) : z < z < y} for every £ < 0
which shows that sup{L(z) : = <z <y} =4.

The alternative that y(f) = 1 is very similar.

Case 2: § = 2#. Let L : #2 — 6 be any bijection. Take z,y € #2 such that [z]. < [y]~.
As in case 1, put @« = min{f € p : z(B) # y(B)} and note there is some § > « such that
#(8) =0 or y(B) = 1.

First suppose z(f8) = 0. For any w € #2

(

z(y) iy <p

z(v)=41 ify=2

\wM)ﬁ7=5+n

Then = < z, < y and 2z, # 2z if w # w'. Thus, {L(z) : = < z < y} has size 2* and is
therefore unbounded in 6.

y(B) = 1 is dealt with similarly. u
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For the remainder of this section, assume that p < cf(k) < 2* < k. Let {ky : a <

cf(k)} be a non-decreasing sequence of cardinals in x such that > () Ka = . Then for

a<cf
any I € [cf(k)]T™, 3 ke = k. Let L :#2 — cf(k) be a map as in the previous lemma.
Choose {x, : o < 2"} to be a one-one enumeration of #2 and Ao = K (z,). By the choice of
L, Y cr,cyra =k for any z,y € #2 such that [z]. < [y].. Write

K =[] Ao x {za}.

<2t

to get a set K such that |K| = k. Define f :#2 — K by

f@)={my) €K :y<az}= ] dax{za}.

Ta<T

Then clearly < y implies f(z) C f(y).
Lemma 2.2.13. |f(y) \ f(z)| = & if and only if [x]. < [y]~.

Proof. First assume |f(y)\ f(z)| = k. If y <z then f(y) C f(x) would imply |f(y)\ f(z)] =0
so it must be that x < y. It only remains to check that x ~ y. Assume the contrary. Then
[z]. = [y]~ is a convex set of size two. This means there is no z € #2 such that * < z < y.
Therefore
FW\ fz) = (U Aa X {xa}> \ ( U Aa x {l‘a}> = U Aex{za) = x{za}
Ta<y To<z r<20a<y

where x = z,. But |\, X {z.}| = Ao < k. Contradiction.

Now assume that [z]. < [y]~. It must be proved that |f(y) \ f(z)| = k. Then z <y

and x ~ y which shows that ) Ao = K. SO

<<y X

)\ fz)| = U Ao X {24}

r<za <Yy

=K

]

By this lemma, the map F' : [z|. — f(x)/[k]<" is well defined and order preserving

from R to P(K)/[K]<".
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Lemma 2.2.14. Take Y C R. Set [s]. = inf(Y) and [r]. =sup(Y). Then

« U and — f(t)=s ] f)

[y|~€Y [y]~€Y

Proof. [s]. < [y]~ implies s < y which in turn implies f(s) C f(y). Thus, f(s) C

U[Z’J]NEY f(y) is automatic.

On the other hand,

ﬂf = (N U A x{za} = | Ao x {za).

[y~ €Y za<y Ta<s

[y~
So

() FW)\F(s) = Aa x {za}

[y]~eY
where z, = 5. Since Ay < &, this shows f(s) =, [, ey f(¥)-

For the other direction simply note that

U U rex{za} = [ da x {za} = f(r)

[Y]~EY za<y Ta<T

Theorem 2.2.15 (Scherer). F[R] is a mazimal chain P(K)/[K]<".

Proof. By Lemma 2.0.2, it is enough to check that for every cut (Xo, X;) C F[R], > Xo
and [] X; both exist are equal and are in F[R]. Let r = sup F~![X]. Since F is order
preserving, (F~![Xo], F7'[X;]) is a cut in R. Thus, r € F~1[X,] U F~'[X;] = R.

Case 1: r € F71[Xy]. Then r = max (F~[X{]) and by the definition of a cut, r < s for
every s € F71[X;]. Thus, F~'[X;] C (r,1g|. By the definition of r, F~1[X,] C [0, 7]. Now,
FXo] C [0g, 7], F7X,] C (r,1g], F7'[Xo] U F7YX,] = R and [0, 7] N (r, 1g] = 0. This
can only be possible if F'71[X,] = [0g,r] and F~'[X;] = (r,1g]. By Lemma 2.2.10, there is
some Y € [F1X]]™ such that inf(Y) = r. Since r = max (F![X]), F(r) = max(Xy).
So by Lemma 2.0.6,

S Xo=F() = () f) | /1K= =] FIY]

[y]~€Y
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Since r is a lower bound for F~!'[X;], F(r) is a lower bound for X;. Now because F[Y] C X,

[TFY]=TIXo.

Case 2: r € F7'[X;]. One creates a proof through comsetic changes to Case 1. [
Since |R| = 2* and | K| = k, the following theorem results.

Theorem 2.2.16 (Scherer). Let pu < cf(k) satisfy cf(k) < 2# < k. Then Length,,,,,(P(r)/[x]<") <

2k,



Chapter 3

Incomparability

We now proceed to the examination of incomparability, mainly as it relates to density.

First we collect some facts that will be used freely.

Definition. Let A be a Boolean algebra. For any x,y € A, x andy are called incomparable
if v £y and y £ x. Equivalently, © and y are incomparable if v - —y #0 andy- —x # 0. A
subset I C A is called pairwise incomparable if any pair of elements drawn from it are

mcomparable.
Lemma 3.0.1. At(A) is pairwise incomparable.

Proof. Take a,b € At(A) and suppose that a < b. Then {0,a} = A [a C A [ b= {0,b}.

Since a # 0 and b # 0, a = b. So any distinct pair from At(A) must be incomparable. O
Definition. For any Boolean algebra, A, define Z(A) ={a € A : (A ]a)NAt(A4) = 0}.
Lemma 3.0.2. Z(A) is an ideal of A.

Proof. 1t j < i then A [ j C A | ¢, so i € Z(A) implies j € Z(A). Further, for any
i,7 € Z(A), if there were a € At(A) such that a < i+ j, then one of a-i or a- j is non-zero.
But {a-i,a-j} C Al a={0,a} which means one of a-i or a-j is a. But that implies a is

below one of ¢ or j, so there could be no such a. O

Definition. Let A be a Boolean algebra and S C A. A subset I C S is called maximal

incomparable with respect to S if I is maximal with respect to inclusion among all infinite
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pairwise incomparable subsets of S. If S is not specified, then maximal incomparable means

maximal incomparable with respect to A.

Lemma 3.0.3. Let A be a Boolean algebra. If I C A is a pairwise incomparable set,

x €{0,1} and x € I then I = {x}. Thus, if I is infinite then I N{0,1} = 0.

Proof. 0 and 1 are each comparable to every element of A, so any pairwise incomparable set

containing either must have the same as its only member. O]

Lemma 3.0.4. Let A be a Boolean algebra and S C A. Suppose that T C S is a (possibly
finite) pairwise incomparable set. Then T is mazximal with respect to inclusion among all
(possibly finite) pairwise incomparable subsets of S if and only if for all s € S there is some

t €T that is comparable with s.

Proof. Suppose that 7" is maximal with respect to inclusion among all (possibly finite) pair-
wise incomparable subsets of S. Every s € T' is comparable with itself, so take s € S\ T.
Since T' is maximal with respect to inclusion among all (possibly finite) pairwise incompara-
ble subsets of S, T'U {s} is not pairwise incomparable. So there are distinct u,v € T'U {s}
that are comparable. T is pairwise incomparable so one of u or v is not in 7', and that one
must be s. Therefore, s is comparable to some member of T'.

Now suppose that T"is not maximal with respect to inclusion among all (possibly finite)
pairwise incomparable subsets of S. Then there is some U C S with T" C U that is a pairwise
incomparable set. Take s € U\ T. Then T'U {s} is pairwise incomparable which shows that

for all t € T, s and t are incomparable. O

Corollary 3.0.5. If T s infinite, then T is mazimal incomparable with respect to S if and

only if for all s € S there is some t € T that is comparable with s.

Definition. For any Boolean algebra, define Incgpec(A) = {|I| : I C A is mazimal incomparable},

Inc(A) = sup(Incgpec(A4)) and Incym(A) = min(Incgpec(A)).
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Lemma 3.0.6. Let A be a Boolean algebra. If I is mazimal incomparable with respect to

Z(A), then At(A) U I is mazimal incomparable with respect to A.

Proof. At(A) and I are each pairwise incomparable so to see that At(A) U I is pairwise
incomparable take a € At(A) and b € I. By definition, a £ b and in particular a # b. If
b < a then since a # b, b = 0. As I is infinite, there is some ¢ € I\ {b} but b = 0 would
mean b < c. By hypothesis, I must be pairwise incomparable so a and b are incomparable.

To see that At(A) U I is maximal, take a € A. If (A [ a) N At(A) # 0, then b € (A |
a) N At(A) is a member of At(A) that is comparable with a. If (A [ a) N At(A) = 0, then

a € Z(A) which implies there is some b € Z(A) that is comparable to a. O

Definition. Let A be a Boolean algebra and G C A. Define (G) = ({B C A : G C
B and B is a subalgebra}.

Definition. Let A be a Boolean algebra, a € A and € € {—1,+1}. Then

a ife =+1
ea =

—a ife=—1

The following argument is due to Michael Hrusak [3].

Lemma 3.0.7. Let A be a Boolean algebra and I a (possibly finite) pairwise incomparable
set disjoint from {0,1}. If |[(I)| < min{da(a) : a € A\ {0}} then I is not mazimal with

respect to inclusion among all (possibly finite) pairwise incomparable sets.

Proof. Fix i € I. Since i ¢ {0,1}, both ¢ and —i are non-zero. By the size restriction

on (I), there is z. € A [ i such that (A [ xz.) N (I) = {0} for ¢ € {—1,+1}. Define

j=x_1+4 (i- —xy1). The proof is finished by showing there is no k € I comparable to j.
Case 1: k =1.

0<$_1:l'_1'—i:j'—i.

and

O<zp =i -z =i (-2 —t+ap)=1i (-2 (—itzp))=i—j
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Case 2: k#4. Since i+ —k € (I), i —k % 241 so
0<i-—zq-—k<j —k
Similarly, since k- —i £ x_,
O<k-—zy-—i<k-—ax_ - -—i+k-—z_y-v=k-(—v_1-(—i+2x)) =k -—J.
[

Theorem 3.0.8 (Hrusak). For any infinite Boolean algebra, A, min{ds(a) : a € A\{0}} <
Inc,m(A).

Proof. If I is an infinite pairwise incomparable set then |I| = |(I)| and TN {0,1} =0. O

Corollary 3.0.9. If A is atomless, the only finite pairwise incomparable subsets of A that is
mazximal with respect to inclusion among all (possibly finite) pairwise incomparable subsets

of A are {0} and {1}.

Proof. Let I be a finite pairwise incomparable subset of A. If 0 € I then since [ is pairwise
incomparable it must be that I = {0}. Similarly, if 1 € I then I = {1}. Thus, we may
suppose that I N {0,1} = (. Since A is atomless, Xy < min{da(a) : a € A\ {0}}. I
being finite implies () is also finite so by Hrusak’s lemma [ is not maximal in the sense

prescribed. O

3.1 Atomic algebras

Theorem 3.1.1. If A is an infinite atomic Boolean algebra then Incp,,(A) < |At(A)|.

Proof. Since A is atomic, |A| < 2/A4%4I g0 A infinite implies At(A) is infinite. Thus by Lemma

3.0.1, At(A) is an infinite pairwise incomparable set. As it is also dense, it is maximal. [

Theorem 3.1.2. Let A be an atomic Boolean algebra. If there is some infinite B C At(A)

such that > B exists then Inc,,,(A) < |B|.
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Proof. 1f >~ B =1 then B = At(A) and the conclusion is merely Inc,,,(A) < | At(A)| which
is known. So suppose > B < 1. Then I = BU{—)_ B} is maximal incomparable. Indeed,
I is pairwise disjoint hence pairwise incomparable. If a € A is incomparable to every b € B

thena-b=0forallbe Bsoa-Y B=0anda<-—)_ B. Thus, I is maximal. O
Corollary 3.1.3. Inc,,,(P(k)) = RNo.

Definition. Let X be any set. Fin(X) = {Y C X : |Y]| < Ny}, Cof(X) ={Y C X :
|IX\ Y] <No} and FinCof (X) = Fin(X) U Cof (X).

FinCof (X) forms a Boolean algebra using the normal set operations. This algebra
excludes as many infinite sums as possible for an atomic algebra and in that way is the
opposite of the case considered in the previous theorem, at least so far as atomic algebras

go. We now turn our attention towards it.

Lemma 3.1.4. Let k be a cardinal and X C FinCof(k) be infinite. Put Xo = X N Fin(k)

and X1 ={k\z : x € XN Cof(k)}. Then X is maximal incomparable if and only if:
1. Xy and X, are each pairwise incomparable.
2. For all {xg,x1) € Xo X X1, zoNxy # 0.

3. Xo and X, are mazimal subsets of Fin(k) with properties 1. and 2., in other words, for
any = € Fin(k) the following holds for i € 2: if x is incomparable to every member of X;

then x Ny =0 for some y € X;_;.

Proof. First, assume that 1., 2. and 3. hold. Take z,y € X. If z,y € X NFin(x) then by 1.
x and y are incomparable. If z,y € X N Cof(k) then by 1. x\ 2 and « \ y are incomparable
which shows z and y are incomparable. If z € X N Fin(k) and y € 2 N Cof(k), then by 2.
zN(k\y) = 2\y # 0 so x € y but since x is finite and y infinite, y  z as well. Thus, X is an
infinite pairwise incomparable set. Take z € FinCof(x) and assume that z is incomparable

to every member of X.
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Case 1: z € Fin(k). Then z is incomparable to every member of X, so by 3. there is
some y € X; such that zNy = 0. But y = x \ w for some w € X so z C w. Contradiction.

Case 2: z € Cof(k). Put w = k \ 2. Then w is incomparable to every member of X;
because z is incomparable to every member of X NCof (k). Thus, by 3., there is some y € X,
such that w Ny = (). But then y C 2. Contradiction. This shows that if 1. 2. and 3. hold
then X is maximal.

Conversely, suppose that X is maximal incomparable. Then clearly X, and X; are
each incomparable. If (xq,21) € Xo x X, then since z9 € £\ 21, zo N2 # 0. Thus 1. and
2. hold. To see that 3. holds, take x € Fin(k), ¢ € 2 and suppose that z is incomparable to
every member of X.

Case 1: ¢ = 0. Since z is finite and incomparable with every member of X it follows
x ¢ X. By maximality, = is comparable to some member of X, say y. By assumption,
y ¢ Xo. Then y € Cof (k) and since z € Fin(k) is must be that x C y. Further, k \ y € Xj
and x N (k\ y) = 0.

Case 2: i = 1. If K\ x € X then k\ z € X N Cof(k) and = € X;, contradiction. So
x ¢ X. Again, k \ z is comparable to some y € X. If y € X N Cof(k) then = and  \ y are
comparable which is against our assumption. Thus, y € X NFin(k) = X,. Since y € Fin(k)

and £\ z € Cof(k) it must be that y C x\ . Then yNz =0 and y € Xj. O

Lemma 3.1.5. Let {x, : n € w} and {y, : n € w} be sequences of elements of Fin(k) such

that for alln € w:
(1) {x; : i <n} is incomparable and x, Ny; # O for all j < n,
(2) {y; : i <n} is incomparable and y, Nx; # 0 for all j < n.

Set Xo ={x, : n €w} and X; ={y, : n € w}. Then Xy and X, satisfy conditions 1. and
2. of Lemma 3.1.4 although 3. may fail.

Proof. The fact that Xy and X are incomparable is obvious. Take (zg, z1) € Xy x X7 where
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20 = T, and 21 = K \ Yy, for some n,m € w. If m < n then (1) ensures that x, Ny, # 0. If

n < m then (2) ensures that y,, Nz, # (. In any case, 2. holds. O

Let EF,0O C w be the sets of even and odd numbers, respectively. Define E,, = E N n,

O, =0nNn, z, =0y, U{2n} and y, = Eo,11 U{2n+ 1} for all n € w.

n Zn | Yn
0 0} | {0,1}

1 {1,2} | {0,2,3}

2 {1,3,4} | {0,2,4,5}

3| {1,3,5,6} |{0,2,4,6,7}

41 {1,3,5,7,8} | {0,2,4,6,8,9}

Lemma 3.1.6. Given the above definitions,
(1) {x, : n € w} and {y, : n € w} satisfy conditions 1. and 2. of Lemma 3.1.5,
(2) if S Cw satisfies x,, € S and y, NS # 0 for all n € w then S = O and
(3) if S Cw satisfies y, € S and x, NS # O for alln € w then S = E.

Proof. (1) Suppose j < n. Then by definition 2n € z, \ z; and 2j € z; \ z,, which
shows {z; : i < n} is incomparable. Also x, Ny; = {25 + 1} which completes the

verification of condition 1. from Lemma 3.1.5.

Similarly, 2n +1 € y, \ y; and 2j + 1 € y; \ y, whenever j < n which confirms that
{y; : i < n} is incomparable. The equation y, N x; = {25} holds whether j < n or

J = n. Thus, condition 2. from Lemma 3.1.5 is seen to hold.

(2) Suppose S C w satisfies z,, € S and y,, NS # 0 for all n € w. Proceed by induction
to show that 2n ¢ S and 2n+1 € S for all n € w. The case n = 0 is clear because by
assumption zo = {0} € S and yo = {0,1} NS # 0, corresponding to the facts that

0¢ S and 1 €S. Now suppose the statement holds for all £ < n. So SN 2n = 0,,
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and since x, g S it must be that 2n ¢ S. So Es,;1 NS = () and the assumption

that y, NS # () gives 2n + 1 € S.

(3) This is similar to part (2) but we include the proof. Under the assumption that
S C w satisfies y, € S and 2,NS # 0 for all n € w, prove 2n € S and 2n+1 ¢ S by
induction. For n = 0, note that xg = {0} NS # () shows 0 € S and yo = {0,1} € S
shows 1 ¢ S. Suppose the claim is true for & < n. Then SN 2n = FE,, and since
T, NS # 0 it must be that 2n € S. So Ey,+1 € S. In order for y, € S it must be
that 2n+1 ¢ S.

O

Corollary 3.1.7. Xy = {z, : n € w} and Xy = {y, : n € w} satisfy condition 1. 2. and
3. of Lemma 3.1.4.

Proof. Tt is previously established that conditions 1. and 2. are satisfied. Take z € Fin(k).
First suppose that x is incomparable to z,, and yet zNy,, # 0 for every n € w. Put S = zNw.
Then surely, x,, € S because S Cxz and 0 # y, Nz = (y, Nw) Nz =y, N(zNw) =y, NS.
This true of every n € w implies S = O which implies x ¢ FinCof(k), a contradiction.

Now suppose that x is incomparable to v, and yet x N x, # 0 for every n € w. With
S =z Nuw, it is now the case that y, € S and z, NS # 0 for all n € w and this time S = E

which implies z ¢ FinCof (k). O
Theorem 3.1.8 (Scherer). For any infinite cardinal k, Inc,,,(FinCof(k)) = Ny.

So in the case of atomic algebras both completeness and abject incompleteness result
in small incomparability being countable. This however, is not a consequence of atomicity.
To construct an atomic algebra with small incomparability uncountable, countable infinite
sums of atoms must in all cases be avoided but sums of larger arity must be allowed. This

is done below.
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Lemma 3.1.9. Let k be uncountable, I € [FinCof (k)™ be pairwise incomparable in the

algebra P (k) and

C = U iU U K\ 1.

1€INFin(k) i€INCof (k)

Then there is some J C C such that for every X C k\ C with | X| = |r\X| =k, {JUX}UI

is pairwise incomparable in P(k).

Proof. Let Iy = I NFin(x) and I. = I N Cof (k).

Case 1: I is infinite. Let {4, : n < 0} be a one-one enumeration of I, where § < w. If
0 is finite set 0’ = 0 4+ 1, otherwise put ¢’ = w. Define an descending chain of infinite subsets
of Iy, {L, : n < d'}, and an ascending chain of subsets of x, {h, : n < '}, as follows. Put
Lo = I and hy = (). Suppose n < 0, L, is an infinite subset of I; and h,, satisfies h,, C i for
all i € L,,. By the incomparability of I, i € 4, and therefore i N (k\ i,) # 0 for all i € L,,.
Since & \ 4, is finite, there is some d,, € k \ i, such that L,y ={i € L,, : d, € iN(k\i,)}
is infinite. Put h,,; = h, U{d,}. Then the assumption that L, is infinite and h,, C i for all
i € L, is preserved at every n < ¢.

Set J = h,. First, note that 7 gZ hy, for all ¢ € I;. Otherwise, ¢ C h,, for some

n<s’
n < 0. But since L, is infinite, we can take j € L, \ {i} to violate pairwise incomparability
by way of the inequality ¢ C h, C j. Second, note that J ¢ i, for all n < ¢ because
dy € hns1 N (K \ 1n) CJIN(K\ in).

Now take any X C (k\C') such that | X| = |\ X| = k. Since JUX is infinite it will never
be that JUX Ciforanyi e I;. If i C JUX for some i € Iy theni=iNC C (JUX)NC =J
which has already been precluded. Similarly, i C X UJ can not hold for i € I, because k\ X
is uncountable, C' is countable and so (k\ X)\ C =k \ (X UC) C &\ (X UJ) is uncountable.
Finally, J ¢ ¢ implies JUX ¢ i for i € .

Case 2: Iy is finite. Then I, is infinite. Let I' = {x\ i : i € I}, " = U,;cprpinge) 1 Y
Uicrncot) £\ @ I = I"NFin(k) and I, = I'N Cof(x). Then I} is infinite and the proof of

case 1 gives J' C " such that for every X C x\ " with | X| =|x\ X| =k, {JUX}UTIis
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pairwise incomparable.

Let J = C\ J and take X C k\ C such that |X| = |x\ X| = k. Note that
It ={k\i:ie€lNnCof(k)} and I, = {x\ i : i € INFin(x)}. Thus,

= J v | s\i= | s\iv | i=cC
i€l'NFin(k)  i€I'NCof(x) ieINCof(x) ieINFin(k)

So X C (" and {J'U X} UIis pairwise incomparable. The cases JU X C i for i € Iy or
1 C JUX for ¢ € I, are discounted on the grounds that J U X is infinite and coinfinite. If
iCJUXforie lftheni=iNCC(JUX)NC=JsoJ =C\JCC\i Butthen
JUX CC\iU(k\C)=k\1i, which is against the choice of J'. If JUX C i for i € I,
then J = (JUX)NC CiNCsokr\i=C\iCC\J=J CJ UX where £\ i € I’ which

again violates the choice of .J'. [

Theorem 3.1.10 (Scherer). There is an atomic Boolean algebra with no countably infinite

maximal incomparable subset.

Proof. First note that (¢t)® = ¢* by the Hausdorff formula [4, p. 57].

The construction proceeds by building an ascending chain {A, : «a < ¢t} of subal-
gebras of P(c*) such that no countably infinite pairwise incomparable subset of | J, .+ Aa
is maximal. By way of bookkeeping, choose a surjection B : ¢ — ¢t x [¢F]¥ with the
property that for all (o, z) € ¢t x [¢T]*, |B7}[{{a, x)}]| = ¢*. Start the construction with
Ay = FinCof (¢ ™).

Suppose that for some 5 < ¢, we are given an initial segment {A, : a < 8} together

with bijections a, : A, — ¢* for every o <  and that the terms of this segment satisfy:
1. |A,/Fin(A,)| < ¢ and
2. for every y € A, \ FinCof(¢*), |y| = [¢t \ y| = ¢*.

The present task is to construct Ag and ag preserving these properties. Start by writing

Us = Uacp Aa and B(B) = (v, z).
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Case 1: v < 8 and a;'[z] is incomparable. Write I = a_*[x], I = I N FinCof(c¢") and
Il =1 \ ]0. Put

C= U iU U ¢\ .

i€lpNFin(ct)  i€loNCof(ct)

Take J as in Lemma 3.1.9 and let Nz be a full system representatives for Us/Fin(c™) \
{Fin(c¢*), "/ Fin(c)}, so [Ny Nz| = 1 for every x € Ug/Fin(c¢™) \ {Fin(c¢*), ¢*/ Fin(c™)}.
Since ¢t is regular, |A,/Fin(c*)| < ¢ for every a < § and < ¢*, it follows |Ng| < ¢ so
write Ng = {ye : £ < ¢} with repeats allowed.

We now construct sequences {ag @ § < ¢}, {Be,, 0 (§,m) € ¢t X ¢} to supply elements
for an X to pair with J. Take ap = sup{n +1 : n € C}. Suppose a¢ is given. By
the fact that ye/ Fin(c™) ¢ {Fin(ct),c"/Fin(c")}, ye ¢ FinCof(¢T). So by assumption,
lye| = ¢t \ ye| = ¢™. Therefore, ye and ¢t \ y¢ are unbounded in ¢t and it is possible to
iteratively choose f¢, > max ({ae} U {fec : ¢ <n}) such that Beoy € v, and Beont1 € yy
for all n € ¢. Put agy1 = sup,¢. B¢y If v is limit, let o, = supe_., a¢. By regularity, ag and
Be . lie in ¢t for every € < ¢t and n < c.

Let
X = {Bogan + (&m) € " X cFU{Bagapir + (&) € xc}.
Now for every £ € C, £ < ap < min(X) so X C ¢t \ C and the following inequalities show
that | X\ ge| = |ye \ X| = [X Nye| = |X| = |7\ X[ =T,

{Bacon 1 E€cT}C XNy, CX

{Baganir - €€} S X\,
{Bagr1on €™} Cy, \ X S\ X
Put b = JU X. Define Ag = (Uz U {bg}) and choose a bijection ag : Ag — ¢ .
Conditions 1. and 2. must be verified for Az. The fact that |Ag/ Fin(c¢T)| < ¢ is clear because
Ag/ Fin(c™) = (Us/ Fin(c¢")U{bs/ Fin(c™)}) and it was previously noted that |Uz/ Fin(ct)| <

¢. Towards 2., take y € A \ FinCof(¢*) and suppose that |y| < ¢™ or [¢*\ y| < ¢". Since
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Ag is a subalgebra of P(ct), there will be a y satisfying one of these inequalities if and
only if there is a y satisfying the other. So we may as well assume that |y| < ¢*. Write
y = (20 Nbg) U (21 \ bg) for 29,21 € Us [5, Cor 4.7]. Since y ¢ Fin(ct), z; is infinite for
some i € 2. Now J C C and C is countable so the fact that | X| = [¢T \ X| = ¢ implies
lbg| = [¢T \ bg| = ¢*. Thus, if z; is coinfinite then |z; Nbg| = |2z; \ bg| = ¢* which is impossible
because |y| < ¢*. Ergo, z;/ Fin(¢*) ¢ {Fin(¢), ¢t/ Fin(c")} so z;/ Fin(¢™) = y/ Fin(c™) for
some & < ¢. But |ye N X| = |ye \ X| = ¢* and this contradicts |y| < ¢*.

Case 2: —(Case 1). Let Ag = U and choose any bijection ag: Ag — ¢

This completes the construction of {A, : o < ¢t} and {a, : o < ¢"}. Let I C
Ua<er Ao be a countably infinite pairwise incomparable set. Take 3 large enough that
I C Az and v > (3 such that B(y) = (8, ag[I]). Then when A, is being constructed, case
1 is in effect. So by Lemma 3.1.9, b, is incomparable to every member of I N FinCof(c*).
Consider ¢ € I \ FinCof(¢™). Then i/ Fin(¢*) = y/Fin(c") for some y € N, and |i \ b,| =

[y \ byl = [by \ y| = [by \i| = . O
3.2 Tree algebras

Definition. A tree is a partially ordered set (T, <) such that for everyt € T, {s €T : s <
t} is well ordered. If T is a tree and t € T, htp(t) is the ordinal giving the order type of
{s €T : s <t} Forany ordinal o, Lev,(T) = {t € T : htp(t) = a}. The elements of

Levo(T) are called roots. Finally, the height of T is defined to be sup{htr(t)+1 : t € T}.

Definition. Let T be a tree. The tree algebra on T, TreeAlg(T') is the subalgebra of P(T)

generated by {{seT : t<s} :teT}.

See [5, Section 16] for the basic facts of tree algebras.
Let T be a tree of height w with more than one root such that for every n € w and
t € Lev,(T') there are distinct sg, $1 € Lev,1(T") with t < s and t < s;. For every t € T, fix

: < —
some such choice of sg and s; and denote them by ¢ and t . Furthermore, for any m,n € w
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with m < n and t € Lev,(T) let t [ m be the unique s € Lev,,(T") such that s < ¢.
Given this tree define [y = {{t} : t € Levy(7")}. Now supposing I, is at hand for some
n € w, define I,,; to be the set of all i € [Lev,,1(T)]"*2 such that there is some j € I,, with

the following properties:
1) for every s € j there is some ¢ € ¢ such that s < t,
2) there is some ¢ € ¢ such that s £ ¢ for all s € j.

Whenever these two properties hold between sets j € I, and ¢ € I,,1, say that ¢ amends j.
Some observations are immediate from this definition. First, that I, C [Lev,(T)]"" for all
n € w. Second, that if ¢ amends j then |i| = |j] + 1.

t3 t4 t5

T

to

Figure 3.1: {t1,t2} amends {tc} and is amended by {t3,t4,%5}.
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Squares witness condition 1) and circles condition 2).

Lemma 3.2.1. Let j <k, ig € I}, 1; € I}, and suppose that ig # i1. Then

i) There is some ty € Levy(T) such that

t <ty for some t € iy, and ty & iy

ii) There is some t; € iy such that

t £t for all t € .

Proof. Work by induction on k — j.
If kK — 7 = 0 then ig and i; are distinct k£ + 1 element subsets of Lev(T'). So we can
take ty € ip \ 71 and t; € iy \ 7p. Since for any sg,s1 € Levg(T), so < s; is equivalent to

So = S1, the requirements become first that
t =ty for some t € ig, and ty & iy

and second that

t #ty for all t € ig.

These are trivially satisfied by the choice of ¢, and ¢;. So suppose for the remainder that
k—j>0.

Case 1: i; amends ig. Then ¢; is provided by requirement 2) of the definition of i,
amending ig. Choose any s € iy and ¢t € 1; with s < t. Since s has at least two immediate
successors, it is possible to choose ¢y € Levy(T) with s < ¢y and ¢y # t. It remains to be
seen that ty ¢ i;. Assume the contrary. For every u € iy, let S, = {v € i1 : u < v}.
By definition |S,| > 1 for every u € iy and by assumption |Ss| > 2. Now if u and v’ are
distinct elements of 7o then S, NS, = 0. Otherwise there would be v € S, N S,/, in which
case u < v and v’ < v would imply that « and «’ are comparable which is absurd because

{u,v'} Cig C Lev,;(T). Thus, {S, : u € iy} is a collection of pairwise disjoint sets. So
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}Uueio Su| = > ucio |Sul- This sum has |ig| = j + 1 terms each of which are at least 1, and
one of which (namely S;) is at least 2. Therefore, the sum is at least j + 2. However, since

iy amends g, |i1] = |ig] +1 =7 + 2. Thus |J,.; Su. = i1. Consider then that there must be

uELy
some u € 1y with t; € S, defying the choice of t;. We have therefore found a contradiction
stemming from the assumption that ¢, € 7.

Case 2: i; amends some ¢ # ig. Then by the inductive hypothesis, there is some ¢} € i
such that ¢ £ t] for all ¢ € 4. Take t; € i3 with ¢} < t;. Supposing that ¢ < #; for some
t € ig, then t and ¢} would be comparable. But iy C Lev;(7T"), i C Levy_1(T) and j < k —1
so the possibility that ¢} <t is eliminated. Since ¢t < ¢} violates the choice of ¢}, it must be
that ¢ £ ;.

Again by the inductive hypothesis there is some t, € Lev,_1(T") such that ¢ < ¢} for

-
some t € iy and t;, ¢ 7. One of ¢, or ¢, must lie outside i;. To see this, once again consider
Su.={v €iy : u<wv}. Since |S,| > 1 for all u € i, and S, NS, = O for all distinct u, v’ € 1,
\Uuei Su| = li] = Jia] — 1. If both t) and ¢, were in 4;, then since at most one element of
i1 lies outside J,; Su, one of ¢ or t; must lie in S, for some u € i. But then u and ¢

are comparable. Since {u,t}} C Levy_1(T), this would mean u = t{, violating the fact that

-
ty ¢ i. Thus, t{ or t; can not both be in i; so we can pick ¢y to be whichever is not. O

Consider the following game. In round k, Player 1 will choose t;, € T" and Player 2 will

choose e;, € I. They are bound by the following rules:
I. If £ > 0 then Player 1 must choose t; such that hty(tx) > htr(tr_1),
II. If £ > 0 then Player 1 must choose t; such that ¢ ﬁ ty for all t € eg_;.
III. For every k > 0, Player 2 must choose e, such that it amends e;_;.
Lemma 3.2.2. Let t € Lev,(T) for some n € w,

i) |Levy(T)| > 2k+L,
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i) |{s € Levpj(T) : t < s} > 27,

iii) If j € Iy, i C Levg(T), |i| < k+2 and i satisfies conditions 1) and 2) of amending j

then |i| = k+2 so i € Iy41. Hence also in this case i amends j.
iv) Fach player has a valid move for every round k.

Proof. i) and ii) are obvious consequences of that fact that | Levo(7")| > 1 and every element
of T has at least two successors. So suppose i and j are as stipulated in iii). For every s € j
choose t, € i such that s < t,. Also pick ¢, € i such that s ﬁ t, forall s € j. If t; =ty then
s and ¢’ are comparable elements of Levy(T") which shows s = §’. Therefore s # s’ implies

ts # ty. Since t| # t, by its definition,
il > [{ts - sejUu{t i} =ljl+1=k+2

Therefore |i| = k + 2, and ¢ fulfills all the requirements for i € I, and for ¢ to amend j.

As for iv), at round k£ = 0, the players are completely free in their choices. So suppose
k > 0. Since e;_1 € [Levy_1(T)]F and k < 2F for all k € w, there is some s € Levy_1(T)\ ej_1.
Ifforany t € ex_1,t < S then s and ¢ would be comparable elements of Levy_1(7T), implying
s=1t¢€epy. Thust £ S for all t € e;_;. Consequently, ey = {? cte 6k-1} U {?} is a
valid move for Player 2, by part iii).

Set n = htp(tx—1)+1 and note that 0 < htp(tg) < htp(t1) -+ < htr(tg—1) < mso k < n.
We have already seen that there must be some s € Levy_1(T') \ ex_1. Taking ) € Lev,(T)

such that s < t; fulfills Player 1’s obligations. O

We say Player 2 wins the game if at some round k:
Vs € epdj < k(t; < s)
otherwise Player 1 wins.

Lemma 3.2.3. Player 2 has a strategy to win the game no matter what Player 1 does.
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Proof. Let us play a game and describe what choices Player 2 should make at each round.
Suppose Player 1 begins by playing ¢y € Levy(T) for some N € w. Put L = N + 1. Player
2 will divide her play into two phases.

Phase 1: On round 0, Player 2 begins by setting f = ¢, | 0 and playing ey = {to | 0}.
This is valid because e is surely a singleton subset of Levy(T).

Suppose that 0 < k < L and that Player 1 has offered ¢, for play. Player 2 looks at

her scratch paper and sees ex_1 = {fo ', f=%, ..., fi=!}. She defines

(

t; 1k if k< htp(t;)

—
\ f]{“_l otherwise

for j < k and fF = t; | k. The definition of ff is valid because 0 < htp(ty) < htr(t;) <
-+« < htp(t) which implies htr(t;) > k so fi | k is a well defined element of 7. She plays
ex = U b

Does this move follow the rules? We must check that e, € I, and that it amends ej_;.
Since e, = {f¥, f, ..., f&}, |lex| < k + 1. By part iii) of the Lemma 3.2.2, it only remains to
check that e, satisfies requirements 1) and 2) with respect to amending ej_;.

Turning to requirement 1), observe that so long as Player 2 follows the given rule for
defining ka one has that ff = t; | k whenever j < k < htp(t;). Soif j < k—1 and
k < htr(t;) then fF' =t; 1 (k—1) <t; [ k= fF. Since fi™" < JC]k__l> by definition, we get
that ff’l < fJ’?C for all j < k. Thus, requirement 1) of e;, amending ej_; is satisfied.

If t € e, satisfied t < f,f, then since f,’: =t | k < tg, we would have t < t;. But
Rule II states that ¢ £ ¢, for all ¢ € . Therefore t £ fF for all ¢ € e;_; which gives
requirement 2) of e, amending ej_1.

Player 2 continues in this manner until the end of round L at which point she pauses

to reflect on the following claim.

Claim 1. For every k € w and j < k, ff and t; are comparable.
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Proof. When k=0, f§ =1, ] 0 <t. Suppose k > 0 and the claim holds for k — 1. If j = k
or if k < hty(t;) then ff =t; [ k <. If j < k and k > hty(t;) then one of two possibilities
arises. The first possibility is that k¥ — 1 = hty(¢;). Then since f;"_l and t; are comparable
elements of Levy_1(T), they are equal. The second possibility is that & — 1 > htp(¢;). In
this case, htr(t;) < htT(ff_l) and they are comparable, so t; < ff‘l. Combining these

—
possibilities, ¢; < ff’l. Sot; < ff’l < ff’l = f]’?“, fulfilling the claim. O

Player 2 has arranged that either fI¥ <t orelse to < f&. But hto(f¥) = N = htp(to).
So to = f¥. Since L = N +1 > hty(t), fV+ = f—>N — 7y. She defines hy, = f& and gt = f£
so that er, = {g&, fL, f£, ..., f£} and f& < H; < g¥. Phase 2 commences at the beginning
of round L + 1.

Phase 2: Let M = max{htr(¢;) : j < N}. Suppose that L < k < M and Player 1
offers t;. for play.

As before, player 2 defines

(

t; 1k if k < hty(t))

fE=L otherwise

%
for 1 < j < L. She also defines gf = g;-“_l for j < k— L.

Since k > L, k — L is a natural number, k —1 =N+ k—(1+N)=N+k — L and
{t € Levp 1(T) : fY <t} =|{t € Levyyrr(T) : fY <t}

> L sk~ L> oo™ ob g Y

She is therefore at liberty to take hy, € Levy_1(T) distinct from each of g5 ', gv ', ..., 971

%
such that f& < hy, define gF ; = hy, and submit e, = {g&, g%, ..., g5, f¥, f5, ..., f¥} for play.
We must once more act as referee and check that Player 2 has followed the rules. As
before, the fact that e, = {gf, g%, ....,gF ;. fF, f5, ..., f¥}, ensures that |ex] < k+ 1. So it

must be seen that ey satisfies requirements 1) and 2) vis-a-vis ej_;.
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As the definition of ff has not changed, neither has the fact that ff‘l < ff. Since
gf = g]Jk—_1> for all 7 < k— L, the fact that gf_l < gé-“ completes requirement 1) of ¢, amending
er—1. To see that t j{ g,’;L for all ¢t € eg_1, it is enough to show that hy ¢ e_;. This
is true because e,_; U {hy} C Levy_{(T) and if t < gF , for some t € e,_; then ¢ and
hr would be comparable, hence equal, which would result in hy € ex_;. Now by choice,
h ¢ {gb ", 951, ..., gF~1 |} so what remains is to see that hy & {fF~1, fa~", ..., fa-'}. If the
opposite were true, namely that h, = ff’l for some j € {1,2,..., N} then since f < hy,
SN < fitand {fY, fN} C Levy(T) one finds that f§ = fN. How could this be? It has
been established that ey = {f&, fI, ..., f¥} is an N + 1 element set since it is in Iy. Since
1 <7, f& and f]N could nowise be equal. Thus hy, ¢ {fF~ ', f5~', ..., fi~!'} which completes
requirement 2) of e, amending ej_;.

Game Over: Player 2 has won at the end of round M. Indeed, since the definition
of ij did not change in Phase 2, Claim 1 remains in effect and f]M and ¢; are comparable
for j =1,2,..., N. But since hty(t;) < M by definition and hty(f) = M, it must be that
t; < fJM. For every k > L, Player 2 has ensured that f¥ < h;, < g ; and that g;-“_l < gj’»C
for j < L — k whenever L < k < M. Together these facts guarantee that f&¥ < gj” for

J < M — L and since epr = {gd", g, -+, g3, M, fA} she is victorious. O

Now suppose that A is a Boolean algebra and f : T"— A is an order reversing embed-

ding, meaning that for all s,t € T\, s <t if and only if f(¢) < f(s).

Lemma 3.2.4. If f[T] is dense then for all distinct to,t; € T, either f(ty) and f(t1) are

comparable or they are disjoint.

Proof. Assume that f(ty) and f(¢;) are not disjoint. By density there is some s € T such
that f(s) < f(to) - f(t1). Because f is order reversing, this means that to < s and t; < s.
So to and t; are comparable. Again, because f is order reversing, f(to) and f(¢;) must also

be comparable. O

For any S € [T]|<%, define ¢(S) = >_,.4 f(t). Also define I =, o,

new "N
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Lemma 3.2.5. If f[T] is dense then for all distinct ig,iy € I, ¢(ig) and ¢(iy) are incompa-

rable.

Proof. Take distinct ig,7; € [ where I was defined at the beginning of this subsection.
Without loss of generality we may suppose that i € I;, iy € I and j < k. By part i)
of Lemma 3.2.1, there is some tg € Levg(7') such that t < ¢y for some t € iy and ty ¢ i;.
Since i1 C Levy(T), to is incomparable to every element of 7;. Hence, f(ty) is disjoint from
¢(i1). The requirement that t < ¢, for some ¢ € ¢, ensures that f(to) < f(t) < ¢(ip). Thus,
f(to) < (o) - —¢(i1) showing that ¢(ip) £ @(ir).

By part ii) of Lemma 3.2.1 there is some ¢; € iy such that ¢ ﬁ t, for all t € 7. If
t € ig then hty(t) = j < k = hty(t1) so t and tg could only be comparable if ¢t < ¢; and
since this is not the case they must be incomparable. But then f(¢) and f(ty) are disjoint
for all t € iy ergo f(to) is disjoint from ¢(ig). Since f(t;) < ¢(i1) by definition, we have
f(t1) < ¢(i1) - —¢(ip) demonstrating that ¢(i1) £ G(ig). O
Lemma 3.2.6. Let J C A be an ideal. If f[T] is dense in J then ¢[I] is mazimal incompa-

rable with respect to J.

Proof. First, since J is an ideal and every member of ¢[I] is a finite sum of members of
fIT], ¢[1] € J. Now, I C [Levg(T)]**! which shows I, N I; = () for all distinct j, k € w.
Further, since Player 2 has a way to satisfy Rule III in every round, I}, # ) for all k& € w.
Thus, I is infinite. Combining this with Lemma 3.2.5, gives that ¢[[] is infinite and pairwise
incomparable.

Take j € J. Assume that j € ¢(e) for all e € I. The task is to find e € I with
¢(e) < j. We will describe a course of action for Player 1 with the property that ¢, < j for

every round k. When Player 2 wins by playing e, the victory condition implies

dler) =) fY< Y fl) <.

teey 1<k

On round 0, let Player 1 choose tq such that f(¢y) < j. This is possible by density.

Now suppose we have arrived at the beginning of round k& > 0. By assumption, j £ ¢(ex_1).
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So let f(t) < j-—¢(ex_1). By the fact that every element of T" has at least 2 successors, there
is some t > t with htr(tx) > htr(tx—1). Let Player 1 offer ¢, for play in round k. Rule I is
certainly satisfied by this move. As for Rule II, if there were ¢ € e;,_; such that ¢ < ¢, then
the result would be f(tx) < f(t) < ¢(ex—1). Since also f(t;) < —@(eg—1) this would imply

f(tx) = 0. But since f (g) < f(tx) this is clearly impossible. Thus, Rule II is satisfied. [
For the main theorem of this section, we will restate all the hypotheses in effect.

Theorem 3.2.7 (Scherer). Let T' be a tree of height w with more than one root such that every
member of T has at least two successors. Let A be a Boolean algebra. Suppose there is an
order reversing embedding f : T — Z(A) whose image is dense in Z(A). Then Incym,(A) <
| At(A)| + |7

Proof. By Lemmas 3.2.6 and 3.3, At(A) U ¢[/] is maximal incomparable. Since I C [T]<,

U] < [ < [T]. So [At(A) Uo[I]] < [ At(A)] + [T, O
For any tree T and t € T, define by = {s € T : t < s}.

Lemma 3.2.8. Let A be an atomless Boolean algebra with a countable dense subset. Then
there is a tree T of height w with more than one root such that every member of T has at

least two successors and an order reversing embedding f : T — A such that f[T)] is dense in

A.

Proof. Let T = <“w \ {0}. Then T is a tree of height w with w-many roots such that every
member has w-many successors. Let A = TreeAlg(T'). Define g : T'— A by b(t) = b;. Since
every member of 7" has infinitely many successors, A is atomless and g[T] is dense in A [5,
Rmk 16.10].

Let D be a countable dense subset of A. Then C' = (D) is an atomless countable
Boolean algebra. Therefore, there is an isomorphism h: A — C [5, Cor 5.16] So f =goh:

T — A is an order reversing embedding who image is dense in A. O
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Corollary 3.2.9 (Scherer). If A is an infinite Boolean algebra with countable density, then
Inc,,m(A) = Rg.

Proof. If A is atomic then At(A) is a maximal incomparable set of size N so for the remainder
assume that A is not atomic. Countable density immediately implies | At(A)| < RNy so it
remains to construct a tree of the appropriate type to satisfy Theorem 3.2.7. Let D C A be
a countable dense set.

Case 1: Z(A) has a maximal element. Let m = Y Z(A). Then Z(A) = A | m and
consequently A [ m is atomless and D N (A [ m) is a countable dense subset of it. Thus,
there is a tree, T', and order reversing embeding f : T — Z(A) as in Lemma 3.2.8. This
satisfies the hypotheses of Theorem 3.2.7.

Case 2: Z(A) has no maximal element. Let B = (AtlI(A) N D).

Claim 2. B is atomless.

Proof. First, note that since Z(A) is an ideal, Z(A) U{—j : j € Z(A)} is a subalgebra of
A containing the generating set of B. Thus, B C Z(A)U{—j : j € Z(A)}. Take a € B.
Either a € Z(A) or —a € Z(A).

If a € Z(A), then a is not an atom of A so there is some b € A with 0 < b < a. Since
D is dense there is some d € D such that 0 < d < b. Thus, d € Z(A) N D C B which
demonstrates that a is not an atom.

So suppose —a € Z(A). Since Z(A) has no maximal element there is some b € Z(A)
such that —a < b. Therefore, b - a # 0 and there is some d € D such that 0 < d < b- a.
Thus, d < b which shows d € Z(A)N' D C B and 0 < d < a which once again demonstrates

a is not an atom. OJ

Since B is countable and atomless, there is a tree, T', and order reversing embedding

f:T —Z(A) as in Lemma 3.2.8. This satisfies the hypotheses of Theorem 3.2.7. O

Corollary 3.2.10 (Scherer). Inc,,,(IntAlg(R)) = Ry.
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Proof. {[q,7) : q,r € Q} is dense in IntAlg(R). O
In the following corollary, the tree S is free of any hypothesis from Theorem 3.2.7.

Corollary 3.2.11 (Scherer). Let S be an infinite tree of height at most w and A be any
Boolean algebra densely embedding TreeAlg(S). Then Inc,,,(A) < |S].

Proof. Without loss of generality, suppose TreeAlg(S) C A. Also, assume that S has a single
root. Note that the construction given in the proof of Proposition 16.7 in [5] does not change
the height of trees with infinite height, hence the assumption loses no generality.

We will construct a subtree of S suitable for the application of 3.2.7. By density,
At(A) = At(TreeAlg(S)). Since TreeAlg(S) is generated by sets of the form b, = {s € S :
t < s} fort € S, every atom in A is a term depending on finitely many ¢ € S. Thus,
| AL(A)] < IS,

If Z(A) = {0}, then A is atomic in which case Incy,,(A4) < |S| by Corollary 3.2.11.
So, for the remainder, suppose Z(A) # {0}. Let g : S — A be given by ¢(t) = b;. Define
U= g T(A)]

Claim 3. g[U] is dense in Z(A).

Proof. Take j € Z(A) \ {0}. By density, there is some k € TreeAlg(S) such that 0 < k < j.
By [5, Lm 16.3] and the fact that S has a single root, k can be written in normal form.
Consequently, there is b € TreeAlg(S) with 0 < b < k, t € S and a finite anti-chain A C b,
such that b= b, - — >, bs.

Let V' be the set of successors of t. If V' is finite then b, - — %" _ b, is an atom [5,

Rmk 16.10] below b; - — >, bs which itself is below j. Thus, V' must be infinite and we

sE€EA
can choose u € V that is below no element of A. So 0 < g(u) < j, hence g(u) € Z(A) and

ueU. O

No element of U can have finitely many successors or else its image under g would

be above an atom. Since Z(A) # {0} and g¢[U] is dense in Z(A), U must be non-empty.
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Therefore, U must have height w. Define T'= U\ Lev(U). Then T has height w, it has more
than one root, and each of its members has at least two successors. Write f = ¢ | T to fulfill

the hypotheses of Theorem 3.2.7. Finally, Inc,,,(A) < [At(A)| +|T| < |S|+|S|=1S|. O

3.3 Diamond

Definition. Let k be a cardinal. A subset C' C k is called a club if
(1) C is unbounded in r and
(2) for every limit ordinal o € k, if C N« is unbounded in « then o € C.
A subset S C k 1is called stationary if S non-trivially intersects every club contained in k.

Definition. Let k be a cardinal. A {.-sequence is a sequence {S, : o < Kk} such that

Se C « for all a and for every X C k the set {a € k : S, = X Na} is stationary.

< is the assertion that a {.-sequence exists. For any uncountable regular cardinal x,
the statement <, is consistent with ZFC [Jech, pg 442]. For the remainder of this section,
fix an uncountable regular cardinal £ and assume <}, is true and witnessed by the sequence

{Sq @ a < K}

Definition. For any Boolean algebra, A, the saturation of A is sat(A) = min{p : | X| <
w for all pairwise disjoint X C A} and for any b € A, define sat(b) = sat(A [ b). A subset
S C A is called a partition of A if S is mazimal with respect to inclusion among all pairwise

disjoint subsets of A. For b € A, a partition of A | b is called a partition of b.
Lemma 3.3.1. sat(A) = min{u : |X| < p for all partitions, X C D, of A}.

Proof. Put A = min{p : |X| < u for all partitions, X C D, of A}. First, {X : X C

D is a partition of A} C {X : X is a partition of A} C {X : X is pairwise disjoint} so

sat(A) < A.
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Let X be a pairwise disjoint subset of A. For every x € X there is some pairwise
disjoint D, C D such that ) D, =z [5, Lm 4.9]. Then by Zorn’s Lemma, E = |J,.y D,
can be extended to pairwise disjoint set maximal among all those contained in D, say F'.
If Y F # 1 then there is a non-zero x disjoint from every member of F. Take d € D with
d < z. Then F U {d} is contradicts the maximality of F. This contradiction implies F' is a

partition hence |F| < A. But |X| < |E| < |F| which shows A < sat(A). O

Let A be a k-complete Boolean algebra with a dense set, D, of size at most x. Let
ko and k; be subsets of k such that ko U k1 = K, kg Nky = 0 and |ko| = |k1| = k. Choose
surjections h; : k; — D for i € 2. For any X € [|<", define H;(X) = > h[X Nk;] for i € 2.
Note that since S, C «, H;(S,) is defined for all & € k. Finally, let A be any infinite cardinal

smaller than k.
Lemma 3.3.2. Let jo,j1 € A. If jo < j1 then sata(jo) + 1 < sata(j1).

Proof. Suppose jo < j1 and let X C A | jo be a partition of jy. So X is a pairwise disjoint

family such that > X = jo. Then X U{j; \ jo} is a partition of j;. O
Lemma 3.3.3. Let jo,j1 € A. Then sata(jo + j1) < sata(jo) + sata(j1).

Proof. Let X C A | (jo + j1) be a partition of jo + j;. Then X; := {j;-z : z € X} \ {0}
is a partition of j; for i € 2 [5, Lm 1.33]. Since every x € X meets one or both of jy, j1

non-trivially, and since | X;| < sat4(j;) for i € 2
| X| <[ XoUXyq| < | Xo| + | X1| < sata(fo) + sata(hi).
This true for every partition of jy, + 71 completes the proof. O
Define J = {j € A : sats(j) < A}
Corollary 3.3.4. J is an ideal.

Proof. \ was chosen to be infinite. O
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Define {i, : a < k} as follows. Suppose an initial sequence {igz : f < a} is given.
Define i, = Hy(S,) if each of the following criteria holds:
(1) Hi(S,) ¢ J for all i € 2.
(2) Ho(Ss) - H1(Sa) = 0.
(3) For all 8 < a, if ig # 0 then Hy(S,) - —ig ¢ J and Hy(S,) -ig & J.

If any of these criteria fail, define i, = 0. Define Gy ={a €k : i, #0} and I = {i, : a €
G}

Lemma 3.3.5. {i/J : i € I} is pairwise incomparable in A/J.

Proof. Take f < a < k such that 0 ¢ {i,,is}. Note that i,/J and ig/J being incomparable
in A/J is equivalent to i, - —ig ¢ J and ig - —i, ¢ J. The first condition is met by
observing Hy(S,) - —ig ¢ J and Hy(S,) = in. The second condition is met by observing
Ho(Sq) - Hi(S,) = 0 implies Hy(S,) < —i, and therefore Hy(S,) - ig ¢ J implies ig - —i, ¢
J. 0

Lemma 3.3.6. Let a € A such that a,—a ¢ J. Then a/J is comparable to some element of
{i/J :i€l}.

Proof. Towards a contradiction, assume a/J is incomparable to i/.J for every i € I. By
a,—a ¢ J, A\ < min(sata(a),sats(—a)) and there are subsets Xy, X; € [D]=* that partition
a and —a, respectively. Define X = (J,., h; '[X;]. Then Hy(X) = a and H;(X) = —a. For

each i € 2 and = € D, define g;(z) = min h; ' [{x}].

Claim 4. Ifi € I then there v,n € Kk such that Hy(X N~y)-—i ¢ J and H(X Nn)-i ¢ J.

Proof. Define ig = —i and 7, = 7. Let j € 2. By the regularity of « it is sufficient to find
Y; € [X]=* such that H;(Y;) -4; ¢ J. We know by assumption that H;(X)-i; ¢ J.
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Let Z; ={d € X, : d-i; # 0}. If | Z;| < \, let Y; = g;[Z;], otherwise let Y; € [g;[Z;]].

In the first case, h;[Y;] = Z; and therefore

Hy(Yy) - =iy =Y Zy-—ij =Y X~ —ij = Hy(X) - —i; ¢ J.
In the second case, {h;(y) - —i; : y € Y;} is a partition of size A of H;(Y;) - —i;. O

Let C be the set of all a € k such that for all § € GyxNa, Hy(XNB)-—i ¢ J and
Hi(XNp)-i¢J.

Claim 5. C is unbounded.

Proof. Let o« < k. Define a sequence {3, : n € w} C k as follows. Put Sy = a. Now
suppose 3, is given. For every u < f3,,, choose 1, n, Vun € X such that i, - H1(X Nn,,) ¢ J
and Ho(X Nvy,n) - —i, ¢ J. Now choose

Bri1 > sup ({8} U {nu,n D < Bat U {%w D < Ba})-

This construction does not leave x because  is regular and uncountable. Set 3 = sup,,,, Bn-

Since o < f3, it remains to be seen that g € C. So take v € G N B. Since v < f,
there is n € w such that v < f,11. Thus, 0 < 4, - H1(X Nyn) < 4, - Hi(X N B) and
0 < Hy(X Nn) - —iy < Ho(X N B) - —i,. This true for arbitrary v € G N/ shows that

g eC. H
Claim 6. C is closed.

Proof. Let oo < k be a limit ordinal and assume that sup(C Na) = a. Take 5 € Gy Na. By
assumption, there is some v € C'N « such that § <. Then g € GyNaNy=G,N~. So
by the definition of vy € C, 0 < ig- H1(X N7v) <ig- H (X Na)and 0 < Hy(X N7y) - —ig <

Hy(X Na) - —ig. This true for arbitrary f € G, N o shows that a € C. H

C is therefore a club. Choose Y; € [X;]* and let 6; = sup{g;(y) + 1 : y € Y;}. Since x
is regular, ¢; € k. Hence, C' = C'\ max(dy, d1) is a club. By <, there is some o € C” such

that S, = X Na.
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Claim 7. a € G).
Proof. We must satisfy the three conditions required for i, = Hy(S,).

(1) By definition,
Hi(Sa) =Y hilSa Nk = hi[X Nank]

and

XNnank; = <U hjl[Xj]> Nank =hX]Na

je2
since dom(h;) = k;. For any y € Y, g;(y) < 0; < a and hence g;(y) € h;'[X;] N a.
Therefore y < H;(S,). Since |Y;| > A and Y] is disjoint, we have H;(S,) ¢ J.

(2) HQ(SQ) : Hl(Sa) S HQ(X) : H1<X) =a-—a=0.

(3) Take f < a such that ig # 0. Then 8 € G, Na. By the definition of C, Ho(X Na) -
—ig ¢ Jand ig- Hi(X Na) ¢ J.

[
But then i, € I and yet i, = Ho(S,) = Ho(X Na) < Hy(X) = a. Contradiction. [
Lemma 3.3.7. If2 < |A/J| then {i/J : i € I} is mazimal incomparable in A/ J.

Proof. The condition 2 < |A/J| is equivalent to the existence of some a € A such that
a,—a ¢ J. By the previous Lemma, there is some ¢ € I such that a/.J and i/.J are comparable
and hence {i/J : i € I} # 0. Trivially, 0/J and 1/J are comparable to i/I. So in fact
{i/J : i € I} is maximal with respect to inclusion among all (possibly finite) pairwise
incomparable subsets of A/.J.

Furthermore, by construction, for any i, € I, we have Hy(S,) = i, and Hi(S,) < —iq
while H;(S,) ¢ J for each j € 2. Thus, i,—i ¢ J for all i € I. So {0/J,1/J}yn{i/J : i€
I} =0.
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By Corollary 3.0.9, the proof is completed by observing that A/.J is atomless since this
implies {i/J : i € I} is infinite. To see this take a € A such that a ¢ J. Write a = > X
where |X| > X and choose Y € [X]* such that |X \ Y| > X. Define b = >.Y. Then
0/J <b/J <alJ. O

Theorem 3.3.8 (Scherer). Let k be a regular uncountable cardinal and X\ be an infinite
cardinal less than k. Assume .. Let A be a k-complete Boolean algebra with density at

most k. Then Inc,,,(A/{i € A : sats(i) < A}) < k.

Corollary 3.3.9 (Scherer). Let k be a regular uncountable cardinal. Assume <$y. Let A be

a k-complete Boolean algebra with density at most k. Then Inc,,,(A) < k.

Proof. If A has a countably infinite set of atoms, S, then S U {—>_ S} is a maximal in-
comparable set of size less than k. So suppose At(A) is finite. Let z = — > At(A).
Define B = A | z. Clearly B is atomless. Therefore, for every b € B\ {0}, B [ b is
atomlesss which shows that b has an infinite partition and it follows w; < satp(b). Thus,
{i € B : satg(b) < w} = {0}. So applying the theorem to B with A = w gives a maximal
incomparable I C B such that |I| < k. Since B = Z(A), At(A)U I is maximal incomparable

in A by Lemma . [

Corollary 3.3.10 (Scherer). Let  be a reqular uncountable cardinal and \ be an infinite

cardinal less than k. Assume . Then Incpy, (P(k)/[k]<Y) < k.

Proof. Take X C k. Then {{z} : x € X} is a partition of X of the largest possible size so
satp(x) (X) = |X|T. Thus, {i € P(k) : satp(y (i) < A} = [k]~*. Since the density of P(k) is

k, the result follows. O
An example of this corollary is P(w;)/ Fin(wy).

Lemma 3.3.11. Let A = P(wy)/Fin(wy). Then da(a) = ¢ for alla € A\ {0}.
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Proof. Take a € A\ {0} and D C A | a a dense set. Write a = X/ Fin(w;), take Y € [X ]
and write b = Y/Fin(w;). By [6, Thm 1.3, p. 48], there is some a pairwise disjoint (in
the sense of A), S € [A | b|. For every s € S, take d; € DN (A | s)\ {0}. Then
¢ < [{ds : s € S} <|D[] < da(a). a

In this case, Theorem 3.0.8 implies ¢ < Inc,,,, (P(w;)/ Fin(w)) and ¢, implies that
¢ = wy. It’s unclear if Inc,, (P(w;1)/ Fin(w;)) < ¢ is necessary even without <. In general,

A = k for whenever 0 < A < & so in the presence of the assumption that A has

& implies K
density at most k, sat(A) < k implies |A| < k. So the result is most useful on algebras with

saturation larger than k.
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Conclusion

We conclude by listing some questions that are raised by the bounds obtained. Start

by considering the bounds for comparability:
Theorem 2.1.1. If A < &, cf(\) < Length,,,,,,(P(k)/[]<}).

Theorem 2.2.16. Let pu < cf(k) satisfy cf(k) < 2# < k. Then Length, ., (P(r)/[x]<F) < 2.

Theorem 2.1.3. If A is atomless and satisfies the countable separation property then ¢ <

Length,,,,,(A).

Question 1. What is Length,,,. (P(R,)/[R,]<™) and in general is there some r with cf (k) =

w and Length, . (P(k)/[k]<") > ¢?

Question 2. [s it consistent to have a strongly inaccessible k such that Length, (P (k)/[k]<") =

K?
Question 3. Is there some k with Length, (P (k)/[xk]<F) > 2¢f(<) 2

Additionally, we ask to what extent is it possible to formulate these bounds alge-
braically say in terms of density, completeness and separation properties.

As for incomparability, consider:

Corollary 3.2.9. If A is an infinite Boolean algebra with countable density, then Inc,,,,(A) =
Ng.
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Corollary 3.3.9. Let k be a reqular uncountable cardinal. Assume ... Let A be a k-complete

Boolean algebra with density at most k. Then Inc,,,(A) < k.

Since it also holds that Inc,,,(A) < | At(A)| for atomic algebras, one wonders:
Question 4. Is there an algebra with d(A) < Inc,m(A)?

Even if not,
Question 5. Is Corollary 3.3.9 in ZFC?

Question 6. Is there an analogue to Corollary 3.3.9 using a weaker club guessing principle

i ZFC?

Finally, one wonders if the following corollary extends to trees of height greater than

Corollary 3.2.11. Let S be an infinite tree of height at most w and A be any Boolean algebra
densely embedding TreeAlg(S). Then Inc,,,(A) <|S].

The difficulty in this seems to lie in the proof of Lemma 3.2.1, specifically that it uses
the fact that two distinct sets of the same finite size are incomparable which fails for infinite

sets.
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